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Abstract 

In this paper, by using the atomic decomposition theorem for weighted 
weak Hardy spaces, we will show the boundedness properties of intrinsic 
square functions including the Lusin area integral, Littlewood-Paley g- 
function and gj-function on these spaces. 
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1 Introduction 

Let = M" x (0,oo) and (ft{x) = t~ n ip(x/t). The classical square function 

(Lusin area integral) is a familiar object. If u(x,t) — Pt * f(x) is the Poisson 
integral of /, where Pt(x) — c n ^ 2+ ^2y n +i)/2 denotes the Poisson kernel in 
Then we define the classical square function (Lusin area integral) S(f) 

by 

1/2 

S(f)(x) 



jj |Vu(y,i)|V-"dydiJ 



where T(x) denotes the usual cone of aperture one: 

r(x) = {(y,t)eRl +1 :\x-y\<t} 

and 



|Vu(y,t)| 



du 



E 

3=1 



du 



We can similarly define a cone of aperture j3 for any ft > 0: 

T^x) = {( y> t)eRl +1 ■ \x-v\<Pt}, 



*E-mail address: wanghua@pku.edu.cn. 



and corresponding square function 

1/2 



Sp(J)(x)= // \Vu(y,t)\'t L - n dydt 
\JJr (x) 

The Littlewood-Paley ^-function (could be viewed as a "zero-aperture" version 
of S(f)) and the (^-function (could be viewed as an "infinite aperture" version 
of £(/)) are defined respectively by 

v 1/2 

g(f)(x)={J o \Vu(x,t)\ 2 tdt 

and 



x,. 



1/2 



The modern (real- variable) variant of Sp(f) can be defined in the following 
way. Let ip € C°°(M n ) be real, radial, have support contained in {x : \x\ < 1}, 
and J Rn ip(x) dx = 0. The continuous square function S^^(f) is defined by 



^ ( »>-(/L> l '** w|, ~f 



In 2007, Wilson [19] introduced a new square function called intrinsic square 
function which is universal in a sense (see also [20]). This function is indepen- 
dent of any particular kernel tp, and it dominates pointwise all the above defined 
square functions. On the other hand, it is not essentially larger than any par- 
ticular S^ t p(f). For < a < 1, let C a be the family of functions ip defined on 
M n such that (p has support containing in {x £ M. n : \x\ < 1}, L„ ip(x) dx = 0, 
and, for all x, x' G MP, 

\ V {x)-y{x')\ < \x-x'\ a . 
For (y,t) £ Ml +1 and / G Lj oc (W l ), we set 

A a {f){y,t) = sup \f*<p t (y)\- 

Then we define the intrinsic square function of / (of order a) by the formula 

. 2 dydt 

/r(aO 

We can also define varying-aperture versions of S a (f) by the formula 

/ \ 1/2 

2 dydt \ 



s*AfH*)= (yy (4*(/)(v.f))' 
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The intrinsic Littlewood-Paley <?-function and the intrinsic (^-function will be 
defined respectively by 

9M){x) = or { a ^ x ^Yt) i/2 

and 




In [50], Wilson proved the following result. 

Theorem A. Let w € A p (Muckenhoupt weight class), 1 < p < oo and < a < 
1 . Then there exists a constant C > independent of f such that 

\\sM)\\ L t<c\\f\\ Ll . 

Moreover, in [12] . Lerner showed sharp L v w norm inequalities for the intrinsic 
square functions in terms of the A p characteristic constant of w for all 1 < p < 
oo. In ID) . Huang and Liu studied the boundedness of intrinsic square functions 
on the weighted Hardy spaces H^W 1 ). Furthermore, they obtained the intrinsic 
square function characterizations of H^(W l ). Recently, in [T7] and [IS], we have 
established the strong and weak type estimates of intrinsic square functions on 
the weighted Hardy spaces ff^(M n ) for n/(n + a) < p < 1. 

The main purpose of this paper is to investigate the mapping properties of 
intrinsic square functions on the weighted weak Hardy spaces WHjP J (W l ) (see 
Section 2 for the definition). We now present our main results as follows. 

Theorem 1.1. Let < a < 1, n/(n+a) < p < 1 and w £ A p n + a-j. Then 
there exists a constant C > independent of f such that 

1 1 «SaGf) || WL£ - Cll/llwifg- 

Theorem 1.2. Let < a < 1, n/(n + a) < p < 1 and u> € A p ( 1+ q). Suppose 
that A > (3n + 2a) /n, then there exists a constant C > independent of f such 
that 

n,M)\\ WL » w <cii/iiwK £ - 

In [19], Wilson also showed that for any < a < 1, the functions g a (f){x) 
and <S Q (/)(a;) are pointwise comparable. Thus, as a direct consequence of The- 
orem 1.1, we obtain the following 

Corollary 1.3. Let < a < 1, n/(n + a) < p < 1 and u> 6 A p ( 1+ c»). T/iert 
i/iere exists a constant C > independent of f such that 

IM/)|L LP <c||/|| WflS . 
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2 Notations and preliminaries 



2.1 A p weights 

The definition of A p class was first used by Muckenhoupt [14], Hunt, Muck- 
enhoupt and Wheeden [TT|, and Coifman and Fefferman [T] in the study of 
weighted LP boundedness of Hardy-Littlewood maximal functions and singular 
integrals. Let w be a, nonnegative, locally integrable function defined on M. n ; all 
cubes are assumed to have their sides parallel to the coordinate axes. We say 
that w € A p , 1 < p < oo, if 

i.W\J (|^|/ - C for every cube Q CM", 

where C is a positive constant which is independent of the choice of Q. 
For the case p = 1, w G At, if 

— !- f w{x) dx < C ■ essinf w(x) for every cube QCM™. 
\Q\ Jq xe Q 

A weight function w € A x if it satisfies the A p condition for some 1 < p < oo. 
It is well known that if w £ A p with 1 < p < oo, then w € A r for all r > p, and 
w E A q for some 1 < q < p. We thus write q w = inf{g > 1 : w € A^} to denote 
the critical index of u>. 

Given a cube Q an d A > 0, AQ denotes the cube with the same center as Q 
whose side length is A times that of Q. Q — Q(x , r) denotes the cube centered 
at xq with side length r. For a weight function w and a measurable set E, 
we denote the Lebesgue measure of E by \E\ and set the weighted measure 



w(E) = J E w(x) dx. 



We give the following results that will be used in the sequel. 

Lemma 2.1 ((§]). Let w € A q with q > 1. Then, for any cube Q, there exists 
an absolute constant C > such that 

w(2Q) < Cw(Q). 

In general, for any A > 1, we have 

w(XQ) <C-X nq w(Q), 

where C does not depend on Q nor on A. 

Lemma 2.2 ([9]). Let w £ A q with q > 1. Then, for all r > 0, there exists a 
constant C > independent of r such that 

^ldx<C -r- nq w(Q{Q,2r)). 
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Given a weight function w on R" , for < p < oo , we denote by (R™ ) the 
weighted space of all functions / satisfying 

II/IU& = (J^\f(x)\ p w(x)dx^j ^ <oo. 
When p = oo, L™(M. n ) will be taken to mean L°°(W l ), and 
ll/IUs? = ll/IU- = esssup 

We also denote by WL P W (R™) the weighted weak L p space which is formed by 
all measurable functions / satisfying 

= supA ■ € R" : \f(x)\ > \}) 1/p < oo. 

A>0 



2.2 Weighted weak Hardy spaces 

Let us now turn to the weighted weak Hardy spaces. The (unweighted) weak 
H p spaces have first appeared in the work of Fefferman, Riviere and Sagher 
[7]. The atomic decomposition theory of weak H 1 space on R™ was given by 
Fefferman and Soria in [8j. Later, Liu [T3] established the weak H p spaces on 
homogeneous groups. For the boundedness properties of some operators on weak 
Hardy spaces, we refer the reader to [2-6] and [16]. In 2000, Quek and Yang 
[T5] introduced the weighted weak Hardy spaces WH^ (R n ) and established their 
atomic decompositions. Moreover, by using the atomic decomposition theory 
of WH p J (W l ), Quek and Yang [15] also obtained the boundedness of Calderon- 
Zygmund type operators on these weighted spaces. 

We write J?*(R n ) to denote the Schwartz space of all rapidly decreasing 
smooth functions and S*'(R n ) to denote the space of all tempered distributions, 
i.e., the topological dual of =5^(R n ). Let w G ^oo> < p < 1 and N = [n(q w /p — 
1)]. Define 

*4f,w = {v>£ ^(R") : sup sup (1 + \x\) N+n+1 \D a (p(x)\ < l}, 
where a = (a-y, . . . , a n ) e (NU {0})", \a\ = a\ H h a n , and 

V dx* 1 ■ ■ • da£" ' 
For / G y'(M. n ), the grand maximal function of / is defined by 
G w f(x)= sup sup \(tp t *f)(y)\. 

<p££?N tW \y— x\<t 

Then we can define the weighted weak Hardy space WH p (W l ) by WH p (W l ) = 
{/ G y'(W n ) : G w f G WL p w (R»)}. Moreover, we set \\f\\ WH » = 
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Theorem 2.3 ([TS]). Let < p < 1 and w e A^. For every f G WH*(R n ), 
there exists a sequence of bounded measurable junctions {/fc}feL_oo such that 
(*) / = SfeL-oo / fc * n ^ e sense °f distributions. 

(ii) Each fp. can be further decomposed into fk = °ir where {b^} satisfies 
(a) Each b\ is supported in a cube with J2i w iQi) — c2~ fcp , and 
J2iXQ k i x ) c - ^ere denotes the characteristic function of the set E and 

ii ± iip 
c ~ Ik llw/fg,' 

(6) H^ll^oo — C2 fe , where C > is independent of i and k; 
(c) J Rrl b^(x)x a dx — /or ewer?/ multi-index a with \a\ < [n(q w /p — 1)]. 
Conversely, if f £ ^"(R n ) /ias a decomposition satisfying (i) and (ii), then 
f £ WF£(R"). Moreover, we /iave ||/||^ ff p ~ c. 

Throughout this article C always denote a positive constant independent of 
the main parameters involved, but it may be different from line to line. 



3 Proof of Theorem 1.1 

Before proving our main theorem in this section, let us first establish the fol- 
lowing lemma. 

Lemma 3.1. Let < a < 1. Then for any given function b £ L°°(R n ) with 
support contained in Q — Q(xo,r), and J R „ b(x) dx — 0, we have 

S a (b)(x)<C-\\b\\ L co—— — — , whenever \x - x 1 > Vnr. 

\X Xq I 

Proof. For any ip £ C a , < a < 1, by the vanishing moment condition of b, we 
have that for any (y,t) £ r(x), 



\{b*tpt)(y)\ 



(<p t (y - z) - <p t (y - x ))b(z) dz 

Q 



< C- ||6|U«— — . (1) 

For any z £ Q, we have \z — xq | < ^Lr < Furthermore, we observe that 

supp ip C {x £ K" : |x| < 1}, then for any (y, t) £ by a direct computation, 

we can easily see that 

2t>\x-y\ + \y-z\>\x-z\>\x- x \ -\z- x \ > (2) 

Thus, for any point x with \x — xq\ > y/nr, it follows from the inequalities (1) 
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and (2) that 

1/2 



dydt 



S a (b)(x)\ = I [ [ ( sup \(^ t *b)(y)\) 2 
\J Jr(x) K vec a ' 

1/2 

/ / "■ / //,;/// \ 

<C-\\b\\ L ^r n+a 



< C- \\b\\ L -r n+a 

r n+a 

< c - 



t n+l I 

Ji^olJ lv _ x]<t t2(r 

dt \ 



£0i t2(n+a) + l / 



We are done. □ 

We are now in a position to give the proof of Theorem 1.1. 

Proof of Theorem 1.1. For any given A > 0, we may choose l eZ such that 
2 fc ° < A < 2 fco+1 . For every / <= WHP(R n ), then by Theorem 2.3, we can write 

OO fco OO 

f= E a= E /* + E /* = ^1+^2, 

A;— — oo k— — oo fc— A;o + l 

where f\ = £*° = -cx, A = £&=-«, E* 6?, ^2 = Er=fc 0+ i fk = EZk 0+ i E* 6? 
and {b^} satisfies (a)-(c) in Theorem 2.3. Then we have 

\ p -w({x G R" : > A}) 

< A p • e R n : |5 a (Fi)(a:)| > A/2}) + X p ■ w({x e R" : |5 a (F 2 )(a;)| > A/2}) 

= h+h- 

First we claim that the following inequality holds: 

\\Hli< C - X ^ P ' 2 Wwhz- ( 3 ) 

In fact, since suppb* C Q\ = Q(x$,r$) and \\b*\\ L oo < C2 k by Theorem 2.3, 
then it follows from Minkowski's integral inequality that 

fco ^ 

INk< E Ell & "lk 

A;— — oo i 

< E EWLMq^ 2 - 

A;— — oo i 
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For each k G Z, by using the bounded overlapping property of the cubes {Qf } 
and the fact that 1 — p/2 > 0, we thus obtain 



k ° ■ - 1/2 



Nk<c E 2 fc (E-(^)) 

fc= — oo i 

<c e 2 k(1 - p/2) \\f\C 



k— — oo 



<C J2 2< fc - fc °>< 1 -"/ 2 >-A 1 -P/ 2 ||/||^ fS 

k— — oo 

^C-A^II/II^,. 



Since w G A P (i+f ) and 1 < p(l + f ) < 1 + f < 2, then 10 G A 2 . Hence, it 
follows from Chebyshev's inequality and Theorem A that 

h < \ p ■ ^\\S a (Fi)\\ 2 Ll 

2 



<cii/ir 



Now we turn our attention to the estimate of I 2 - If we set 



4*= U U^ fe , 

where Q 2 fc = Q(4, T( fe - fe °)/( n+a )(2Vn)rf ) and r is a fixed positive number such 
that 1 < t < 2. Thus, we can further decompose I 2 as 

h < A p • G A fco : \S a (F 2 )(x)\ > A/2}) + A p • w({x G (A fco ) c : |5 Q (F 2 )(x)| > A/2}) 

Since w 6 A p ( 1+ ^), then by Lemma 2.1, we can get 

oo 

4<a' E E»(tf) 

k=k + l i 



<C-\ p E t'" 1 ^^) 

k=k a + l 

oo , 

<^II/IIU £ E (D 



<c||/ l|P 



(fc-fco)p 
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On the other hand, an application of Chebyshev's inequality gives us that 
I'i <2 p [ \S a (F 2 )(x)\ p w(x)dx 

OO „ 

<2 P EE J \S a (b1)(x)\ p w(x)dx. 



k=k + l 



dy 



Whenx £ (Q k ) C , then a direct calculation shows that \x— x k \ > T ( fc - fe o)/(™+«) y/nr k > 
y/nrf . Let q — p(l + — ) for simplicity. Then for any n/(n + a) < p < 1, w £ A q 
and q > 1, we can see that [n(q w /p — 1)] = 0. Obviously, by Theorem 2.3, we 
know that all the functions b\ satisfy the conditions in Lemma 3.1. Applying 
Lemma 2.2 and Lemma 3.1, we can deduce 

i" < c 2 k P( r k ) i - n+a)p [ d x 
= c y Y2 k ?(r k r I Tr y) 

k=u+ii y| 1/ |>r(*-*o)/(n+«) v ^r* \y\ 

CO 

^ C S ^2 fep (T( fe - fco )' / (" +Q ))""V(O(0,T (fc - fco)/( " +tt) T?)) 
A;— fco+1 * 

OO 

= C S ^2 fe P(r( fe - feo )/( n + Q ))^ 9 W (Q(4,r(' £ -' £o )/("+ a ) -rf)), 

where W\ (x) = w(x + x k ) is the translation of w(x). It is obvious that W\ e A g 
whenever w £ A q , and q Wl = q w . In addition, for w ^ A q with g > 1, then we 
can take a sufficiently small number e > such that w G A g _ £ . Therefore, by 
using Lemma 2.1 again, we obtain 

OO 

I '^ C £ ^2 fe f(T( fc - fco )/("+ Q ))^(Qf) 

OO 

fe=fe +i 

Summing up the above estimates for Ji and li and then taking the supremum 
over all A > 0, we complete the proof of Theorem 1.1. □ 

4 Proof of Theorem 1.2 

In order to prove Theorem 1.2, we shall need the following two lemmas. 



9 



Lemma 4.1. Let < a < 1, n/(n + a) <p<l and w € Then for 

every A > p(l + we have 

H,M)\\ Ll <c\\f\\ Ll 

holds for all f e Ll(R n ). 

Proof. From the definition, we readily see that 

t \ Xn f .... ,\ 2 dydt 



'■dydt 



5 Q (/)(x) 2 +^2-^"5 Q , 23 (/)(x) 2 



(4) 



We are now going to estimate J Rn |5 ai2 3 (/)(x)| 2 u>(:r) da; for j = 1, 2, Fubini's 

theorem and Lemma 2.1 imply 

/ \S at2i {f){x)\ 2 w{x)dx= (( ([ w(x)dx)(A a (f)(y,t)) 2 ^; 

< C ■ 2^"+^ ff ( f w(x) dx) (A a (f)(y,t)) 

JJRI+ 1 \J\x-y\<t / V ' 

= C-2* n+a >P||S a (/)||2 (5) 

Since w e and 1 < p(l + ^) < 2, then we have w € A 2 . Therefore, 

under the assumption that A > p(l + it follows from Theorem A and the 
above inequalities (4) and (5) that 

H, a (f)\\ 2 L z <c( [ \S a (f)(x)\ 2 w(x)dx + f22-i Xn f \S a . 23 (f)(x)\ 2 w(x)dx 

WR" j=1 JK" 

<c(||5 a (/)||' ? + fV^ A " ■ 2« n+a ^\\S a (f)\\% ) 
\ a j=1 W J 

OO 

<C- \\f\\\ 2 (l + 2 ~ jXn ■ 2 j(n+Q)p ) 



dydt 



<c- 1|/| 

We are done. □ 
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Following the same procedure as that of Lemma 3.1, we can also show 

Lemma 4.2. Let < a < 1 and j G Z+. Then for any given function b G 
L°°(R™) u>zi/i support contained in Q = Q(xo,r), and J Rn b{x)dx — 0, we have 

S a ,2i{b){x) <C-2^ n+2 ^l 2 \\b\\ L ~- — , whenever \x - x \ > V^r. 

\x — Sol 

Proof. For any z G Q(xo,r), we have \z-x \ < \^A. Then for all (y,t) G 
r 2 j (x) and \z — y\ < t with z G Q, as in the proof of Lemma 3.1, we can deduce 
that 

X — Xq 

t + 2H> \x — y\ + \y — z\ > \x — z\ > \x — xq\ — \z — x | > . (6) 

Thus, by using the inequalities (1) and (6), we obtain 

1/2 



dydt 



<C-\\b\\ L oor 



1/2 



T _ T „ /, , f2(n+a)+n+l 
J\y-x\<2H 1 



r-n+a 

< C . 2 j(3n+2a)/2|| 6 || 



1/2 



x - x \ n+a 



This finishes the proof of the lemma. □ 

We are ready to show our main theorem of this section. 

Proof of Theorem 1.2. We follow the strategy of the proof of Theorem 1.1. For 
any given a > 0, we are able to choose fc G Z such that 2 k ° < a < 2 k " +1 . For 
every / G WHP(R n ), we can also write 

^■w({xeR n :\glM)(x)\>a}) 
< a" ■ w({x G R" : IgljF^x)] > a/2}) + a" ■ w({x G R" : \ 9 ljF 2 )(x)\ > a/2}) 
= Ji + .h, 

where the notations F\ and F 2 are the same as in the proof of Theorem 1.1. 
By our assumption, we know that A > (3n + 2a)/n > p(l + ^). Applying 
Chebyshev's inequality, Lemma 4.1 and the previous inequality (3), we obtain 



4 „ . ,„ x „2 
LI 



Ji < ° p ■ - 9*x, a (Fi) 
a " ' 

< C-a p - 2 \\F 

<c\\f\\ p WH ,- 
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To estimate the other term J 2 , as before, we also set 



Ak = (J 

k=k + l i 



where Q\ = Q(x k , T^ k ~ k< ^ ^ n+a \2y^n)r k ), r is also a fixed real number such that 
1 < r < 2 and suppb k C Q k = Q(x k ,r k ). Again, we shall further decompose 
J 2 as 

J 2 < o* ■ w({x e A fc0 : | 3 l Q (^ 2 )(x)| > a/2}) + a* • w({x G (A feo ) c : |. 9 l, Q (F 2 )(x)| > 
= J 2 + J 2 . 

Using the same arguments as that of Theorem 1.1, we can see that 

4<* p E EMa fc ) 

fc=fc + l i 

00 

<C-<j p J2 ^ k - ko ^^w(Q k ) 

fc=fe +l i 

<c\\f\\ p WBl . 

Noting that < p < 1. Then by Chebyshev's inequality and the inequality (4), 
wc have 



JZ<2rf \gt a (F 2 )(x)\ P w(x)dx 
J (A k0 Y 

00 „ 

<2 P EE \S a (b k )(x)\ p w(x)dx 

u-u. , 1 .• J{Q k i) 



k=k + l i 
00 



3=1 k=k + l 

00 

:X +E 2 ^ A " P/2 ^- 



Note that [n(q w /p — 1)] = by the hypothesis. Clearly, in view of Theorem 2.3, 
we can easily see that all the functions b\ satisfy the conditions in Lemma 3.1 
or Lemma 4.2. In the proof of Theorem 1.1, we have already showed that 

Below we shall give the estimates of Kj for every j = 1,2,.... Observe that 

for any x e (Q k ) C , wc have \x — x k \ > -r( fe ~ fe °)< /("+<*) 'y/nr k > y/nr k . Since 
H^lli 00 < C2 k , then, using Lemma 4.2 and following the same lines as in 
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Theorem 1.1, we can also deduce 

K < c . 2 j(3n+2 a ) P /2 V- V||6 fe || p (r fc ) ( " +Q)p / W ^ dx 

3 ' k=T a+ Xi J\ x -^\>ri^ o)/(»+-)VSrf |z-4l ( " +a)P 

<- . 2 j(3n+2a)p/2 2 fcp (r* ) ( ™ +Ct)p / ^ 

k^+li J\x-xi\>rf-» o)/(»+-)VSrf 

^ 9 j(3n+2a)p/2|| f IIP 

Hence, we finally obtain 

< r\\ f\\ p 

where the last series is convergent since A > (3n + 2a) /n. Therefore, combining 
the above estimates for J\ and Ji and then taking the supremum over all a > 0, 
we conclude the proof of Theorem 1.2. □ 
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